A solution of Problem 184 from the Scottish Book is given. 2010 MSC 31A05.
Theorem. Let u be a subharmonic function of two variables whose first partial derivatives exist on the coordinate axes and u xx , u yy exist at the origin. Then u xx (0, 0) + u yy (0, 0) ≥ 0.
Proof. Without loss of generality we assume that u(0, 0) = u x (0, 0) = u y (0, 0) = 0 (add a linear function). Proving the Theorem by contradiction, we assume that ∆u(0, 0) < 0. Then there exist real a, b and R 0 > 0 such that for
Without loss of generality, a < 0. If b < 0, consider the function v 1 (r cos θ, r sin θ) = Cr 2 | sin(2θ)|, which is harmonic in each quadrant, and choose C > 0 so large that v 1 (x, y) ≥ u(x, y) when x 2 + y 2 = R 2 0 . Then u(x, y) ≤ v 1 (x, y) for x 2 + y 2 < R 2 0 by the Maximum principle applied to the intersection of this disk with each quadrant. Thus
Consider the family of subharmonic functions
In view of (2), for every compact K in the plane there exists r 0 > 0 such that u r are defined and uniformly bounded from above on K for r ∈ (0, r 0 ). Therefore there is a sequence 
As ǫ is arbitrary, we obtain that u 0 satisfies the first inequality in (1) on the whole x-axis. Similar arguments show that u 0 satisfies the second inequality in (1) on the whole y-axis, and also satisfies (2) in the whole plane. Remark. The Theorem does not hold in R n for n ≥ 3. Indeed, in this case the union of the coordinate axes is a polar set, so it is easy to construct a counterexample.
